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Sy nopsis 
An approximate analysis is developed for 
uniformly loaded members braced at mid- length . The 
primary member is replaced by a pair of axially loaded 
flanges , linked by the web in such a way that twist 
rotations and transverse flange displacements are 
coupled. The brace has both axial and bending 
stiffness, the latter being such as to restrain twist 
rotations of the primary member . Closed form solutions 
are obtained for critical combinations of axial and 
bending brace stiffness. The necessary values of axial 
and bending stiffness are shown to be linked by an 
equation which is of consistent form for all cases 
considered . 
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1. 
1. INTRODUCTION 
The member considered in this paper consists of a beam or column 
with a brace at mid-length, as shown in Figure 1. 
The brace can be replaced by equivalent springs which represent 
its stiffness. For out-of-plane buckling of the primary member, there 
are three relevant brace stiffnesses - the axial stiffness, and two 
bending stiffnesses. Of these, only two will be considered here, the 
stiffnesses ~ (axial) and ~ (rotational) shown in Figure 1. The 
latter, ~· provides restraint against twisting of the primary member. 
There is an extensive literature on the buckling of braced 
members. The classic paper is that by Winter (5). Some more recent 
papers are 1, 2 and 3. 
Typically, the buckling strength of the primary member increases 
with brace stiffness until a particular stiffness is reached, and then 
remains constant. The member is said to be fully braced. The brace 
stiffness for full bracing - although often readily supplied by any 
practical bracing ·member - is of major importance to the designer. 
Primary Member X 
-C: z 
FIGURE 1 Typical Member 
2. 
There is no major difficulty in carrying out numerical analyses which 
allow for bracing stiffness. There is, however, a difficulty in 
providing numerical data for combined stiffness in a form that is useful 
to the designer. 
This paper presents an approximate closed form solution for the 
requirements for full bracing. It shows that the inter-relationship 
between the necessary combinations of ~ and ~ is of a consistent form, 
for all cases considered here. 
The primary member is uniform, with a cross-section that is 
symmetrical about the primary plane. The loading shown in Figure 1 is 
such that each flange force is constant along the length. The member 
is assumed to be ideal and elastic. 
This paper, therefore, ignores inelastic behavi~ur, and the 
effects of imperfections, such as initial deflection. Reference 4 
discusses the effects of some imperfections on the behaviour of elastic 
members. The analysis of braced, inelastic members is discussed, for 
example, by Hartman in reference 1. 
2. BUCKLING OF A BRACED FLANGE 
A member has the mono-symmetric section shown in Figure 2(a). A 
typical flange- flange 1- is shown in (b). The axial load in the 
flange (compression +ve) is P 1 and is constant along the member. It 
acts at location a 1h. 
The present analysis is concerned with ~he buckling of the 
member out of the YZ plane. The resulting displacement of flange is 
u. 
3. 
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Cross section 
line of action of axial 
X 
2 
y --+----~~--~ 
c. Movement of flangu 
a,h~ 
1)-----lru 
y -'J------___r 
I h .I 
FIGURE 2 Idealised cross section 
A transverse displacement of a flange will, in general, produce 
twisting of the member, as shown in Figure 3. 
Let bh be the distance to the instantaneous centre, from flange 
1. 
Then 
The torque in flange 1 
e u bh 
= G J d6 · 
1 dz 
The torque/unit length, applied by the web to flange 1 
(1) 
A similar torque will occur in flange 2. When these are applied 
to the web, a pair of equal and opposite transverse loads is required 
for equilibrium. Each of these 
dT 
~ - h dZ 
4. 
-.!. ~ (T + T2 ) h.dz 1 
where T and J correspond to the member as a whole. 
Figure 4 shows flange 1 with a transverse brace at mid-span 
(axial stiffness only). The deflection at the brace is u1• 
(2) 
The web applies a distributed load to ~e flange, as given by (2). 
There is an associated reactive force at each end, corresponding to the 
GJ du torque~ (dz). The spring support supplies a transverse force at mid-
span, ~1 u1, and corresponding end reactions. 
X 
a. Displacements of Flange 1 b. Twisting moments applied to 
Flange 1 
t.funit length 
t. junit length ----) ( _.;.----- f t,~t 2 /unit 
c. Free body diagram of Web 
length 
T, GJ~ 
'd z 
dT, 
tl =- dZ 
t1+ t 2 GJ dt 
-h-=- bh2 dz 2 
FIGURE 3 Torsional effe cts 
5. 
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FIGURE 4 : Loads on buckled flange 
The moment at B due to the distributed transverse load 
GJ d du z 
= [z ..2:!. z + u] bh2 dz1 - 1 dz1 z1=0 
z 
(3) 
The s econd t erm i s equi val ent to the effect of a transve r se load 
GJ 2 (du) equal and opposite to that already shown. The two cancel each 
bh dzz=O 
other, giving a combined flange bending moment due to these loads equal 
GJ 
to bh2 u. The total flange bending moment, Myl' i s given by 
= E I yl (4) 
6. 
This differential equation may be rearranged to give -
(5) 
where (6) 
Equation (5) is identical with the differential equation for 
buckling of a centrally braced column, with axial load Pi· Its 
solutions may correspond to symmetric or antisymmetric deflected shapes 
(referred to in the following as unsymmetric). The lowest symmetric 
critical value of Pi is a non-linear function of ~1, but may be 
expressed with reasonable accuracy by the following linear approximation 
(see Figure 5) • 
P' 1 
(symmetric) 
The lowest critical load for the antisymmetric mode may be 
(7) 
(8) 
deduced from this result by putting ~1 = 0, and replacing ~ by ~/2. 
P.' 
FIGURE 5 
Unsymmetric mode 
Linear approximation 
Dependence of critical flang e for ce 
on brace stiffness 
7. 
Line of action of P2 
Flange 2 
FIGURE 6 Flange 2 
Then, 
(9) 
The behaviour of flange 2 is similar. 
From equation (6) and Figure 6, 
Pi p2 a2 GJ (lp) (1 + 1):1) + (b- 1) h2 
7T 2EI 3 P' --;;.;tl:- + ~2 i (symmetric) ( 11) 2 i 16 
47T2 EI z 
P' ~ (unsymmetric) (12) 2 
3. BUCKLING OF UNBRACED MEMBERS 
Equations (6)-(12) may be used to determine critical loads for 
unbraced members . 
Consider first the case of an axially loaded member. Then, 
From (8) and (11), with ~1 = ~2 = 0, 
7T2EI 
P' ~ (14) 1 i 
7T 2 EI 
P' --;;.;tl:- (15) 
2 i 
8. 
From (6) and (14), 
1r2EI GJ a1 
p1 (~ + bh2> I (1 -b) ~ (16) 
Similarly, 
1r2EI a2 
p2 (~ GJ - (b-1)h2 )/ (1 + (b-1)) ~ (17) 
The condition that P1 = P2 is sufficient to define b, which fixes 
the instantaneous centre. The total critical load is now the sum of 
(16) and (17). 
Consider, for example, a hi-symmetric member. 
Equations (13), (16) and (17) are satisfied forb m. Then, 
1f2EI ~ ~ 
(18) 
as would be expected. 
1 Consider instead the case with b = 2· Then again 
p (19) 
= PTA' the approximate torsional buckling load. 
The exact result for this case is 
(20) 
i.e. (21) 
9. 
For a member with zero web area, 
I p 
0 
Ah2 
which is approximately equal to~· That is, PTE is approximately equal 
to PTA" 
More generally, 
(22) 
Values of this ratio are listed in Table 1 for various Australian 
universal sections. For these sections, the approximate result varies 
from 0.92 to 1.06 x the true value, i.e . an error from -8 to +6%. 
Section 
760 UB 244 
760 UB 148 
530 UB 92 
530 UB 82 
360 UB 57 
360 UB 45 
200 UB 30 
200 UB 25 
Table 1 
Comparison of approximate and exact torsional 
buckling loads (hi-symmetric section) 
h r twh 
mm 
p a1 (= l;j) 
750 317 .116 
736 305 .126 
518 221 .112 
515 218 .118 
345 154 .095 
342 151 .103 
197 92.8 .082 
195 90.9 .088 
PTA 
PTE 
.931 
.919 
.938 
.939 
.984 
.982 
1.061 
1.055 
A similar analysis may be carried out for an unbraced bi-
symmetric member in bending. In this case, 
The approximate analysis gives a critical moment, MA' " The exact 
critical moment, ~· is given by 
10. 
(23) 
MA 
The ratio ~ has been computed for the series of Australian 
Universal R. Beams listed in Table 1, and for h = 10 and 20. The results vary 
over the range 0.95 - 0.99; i.e. an erro.r from -5 to -1%. 
4. CRITICAL BRACING STIFFNESSES FOR MEMBER WITH 
LINEAR BRACE AT EACH FLANGE 
The critical flange force for symmetric buckling depends on the 
brace stiffness- e.g. ~1 for flange 1, equation (8). By increasing the 
brace stiffness, this critical load may be made equal to that for un-
symmetric buckling. This value (of ~1 or ~2) is called the critical 
brace stiffness, and is of major importance. Further increases in brace 
stiffness do not increase the lowest critical load. 
This section considers the determination of critical values of 
~1 and ~2 • It will be seen that there is an infinite family of 
critical combinations of ~1 and ~2 • 
At a critical brace stiffness, the member may buckle into either 
of two modes. The locations of the instantaneous centres for these 
modes differ . Let bs correspond to the symmetric mode, and bu for 
the unsymmetric (or antisymmetric) mode. 
bu is not a function of the brace stiffnesses, and may be 
determined for any loading case in the manner illustrated in the preceding 
sections. 
On the other hand, b8 is a function of the brace stiffness -
or, conversely, bs may be used to select one of the family of critical 
brace stiffnesses. 
A suitable procedure is as outlined below, and is illustrated for 
the case of an axially loaded, hi-symmetric member. 
, 
11. 
(1) Use the analysis for unsymmetric buckling to determine the flange 
forces at bifurcation of the buckling modes. For the axially loaded 
member, the lowest critical unsymmetric load corresponds to buckling 
about the y-axis without twist. 
Then b z "'· 
u 
From (18), for a·bi-symmetric cross-section 
(24) 
(2) Find the necessary bracing stiffnesses to cause the same critical 
flange forces for symmetric buckling. 
From (6), (8) and (24) 
a GJ P' = pl (1 - _!_) b - bl\7" 
s 
TT2EI 3 
- 7 + T6 
2TT2EI 
where P1 = -T 
s 
1).1 R. 
8TT2EI 2 l 
1).1 = ~ { 1 - 3 (2a1 + B) b } 
s 
i.e. 
Similarly, from (10), (11) and (24) 
i.e. 
(25) 
(26) 
(27) 
(28) 
(29) 
(30) 
(31) 
(32) 
(3) These expr~ssions for bracing stiffnesses may be rearranged to 
permit the determination of bs for specified ratios of 1).1 ·to ~2• 
12. 
Alternatively, they may be used directly to determine critical 
combinations of ~1 and ~2 for chosen values of bs. 
For the present examples, 
if 00 ., ~1 = ~2 
A single brace at the centroid requires a linear stiffness equal 
16n2EI 
to ~1 + ~2 ; i.e. -r a well known result. 
More generally write 
Then 
~1 k1 k 0 
~2 k2 k 0 
where k1 
1 + B) ..!__ 0.5 - 3 (2a1 b 
s 
k2 
1 1 
= 0.5 + 3 (2a1 + B) b=-1 
s 
for an axially loaded member. 
5. CRITICAL STIFFNESSES FOR SINGLE BRACE WITH 
BOTH AXIAL AND BENDING STIFFNESS 
(33) 
(34) 
(35) 
(36) 
Figure 7 shows an equivalent single brace, located at distance 
ch from flange 1. This brace has axial stiffness ~· and bending 
stiffness kR (which provides a torsional restraint to the central member 
cross-section). 
b - c 
k (-s--) 
-L. u bs 
b 
b - 1 
k + k (-9--) 
-"1.1 u -L2 u bs 
k s + 
L1 J):C" 
b - 1 ~2 bs - c 
s s 
(37) 
j 
• 
i.e. 
13. 
kL2u( bs - .1) kuu 
Two 2
! bs ~ 
braces 
(b5 -1 )h h 
bsh 
ch 
Equivalent single brace 
FIGURE 7 Equivalent single brace 
Also, 
u ~bh 
s 
b - 1 
s ~1 u ch - ~2 u (~) (1 - c)h 
Note that for c = bs' 
6. CRITICAL BRACING STIFFNESSES FOR AXIALLY 
LOADED MEMBERS 
From equations (33) - (38), 
b - 0.5 
s 
b - c 
s 
1 0.5 bs c + 0.5 (bs - 1)(c - 1) -3 (2a1 +B) 
From (39), 
Substituting in (40), 
u 
(38) 
(39) 
(40) 
(41) 
14. 
c2 - c + 0.5 1 (2 ) (c - 0.5)2 
- 3 a1 + B + (~/k0 - 1) (42) 
Consider first the case with a brace at one flange; i.e. c 0. 
Then 1 1- 2b 
s 
1 0.5 - 3 (2a1 +B) - 0.5 bs 
Both ~ and kR must be positive. This occurs -
(a) when bs < 0; 
(b) 2 for some members, when bs > 0.5 and< 1-3 (2a1 +B). 
(43) 
(44) 
The latter case leads to lower brace stiffnesses. These have no 
practical significance, as they correspond to a mode with higher critical 
loads. If these stiffnesses are provided the member will buckle 
symmetrically in this mode at the lower loads and will not be fully 
braced. 
2.----------.~--------.----------.--~ 
FIGURE 8 
o1 = 0·1 I 
2 
\Brace 
Location 
(c = 0 ) 
3 
Stiffness requirements for axially loaded 
bi-symmetric member 
15. 
As shown in Table 1, for an axially loaded universal beam, a 1 
lies in the range 0.08- 0.13. Typical values of B lie in the range 
0.1- 1.5. Assume a 1 = 0.1, and B = 0, 0.5, 1.0 and 1.5. Then critical 
values of ~ and ~ are as plotted in Figure 8. 
For the smaller values of B, positive values of ~ are required 
for all ~· For large values of B, the curve cuts the horizontal axis. 
That it, it is then possible to achieve full bracing with zero ~· 
From (42), 
1 1 
0.5 - 3 (2a1 + B) + 4(~/ko - 1) (45) 
For~ large, 
1 0.5 - 3 (2a1 + B) (46) 
This limit is negative forB> 1. 5- 2a1• For lower values of 
B, both kR and ~ are required for full bracing. If equation (44) 
yields a negative value for kR, then zero ~ is sufficient to achieve 
full bracing. 
A second case of importance occurs when the brace is at the 
centroid; i . e. c = 0.5. 
From (39), 
(4 7) 
From (40), 
1 0.25 - 3 (2a1 + B) (48) 
In this case, both ~ and ~ are constant, and independent of 
bs. If these critical stiffnesses are provided, the column is 
simultaneously at the point of buckling in any one of three modes -
16. 
(1) antisymmetric bending about YY; (2) symmetric bending about YY and 
(3) symmetric torsion - or in any combination of these. 
It is notable that positive values of ~may be required. 
Consider also the case with c ~ 0.25. From (42), 
h~o = 0.3125 - ~ (2a1 + B) + ..,.16,-(,.,.~-1T.\-0-_--,-1,) (49) 
For ~ large, 
1 0 . 3125 - 3 (2a1 + B) (SO) 
The above three cases - c = 0, 0.25 and 0.5 - are summarized 
qualitatively in Figure 9. 
1 0·5- 3(2a,+ B) 
c = 0 (brace at flange) 
0·25 
0·3125- t( 2 a 1+ B) ~--+-----===========~ 
0·25-t·(2a,+ B) 
F IGURE 9 
~ c = 0·5 (brace at centroid ) 
1· 0 
Axi a lly l oad e d me mber - varia tion of cri t i cal 
b r ace stiffness wi th brace l ocation 
17. 
7. CRITICAL BRACING STIFFNESS FOR MONOSYMMETRIC 
MEMBER WITH ANY LOADING 
The following analysis determines the form of the inter-
relationship between ~and kR for the general case. Terms f, f 1, f 2 
etc are introduce~, which are functions of the geometry of the primary 
member and its loading. Terms in b (which defines the location of 
s 
the shear centre for symmetric buckling) and c (which defines the 
brace location) are kept separate. 
For unsymmetrical buckling, from (6) - (12), 
a1 GJ 4'IT
2EI 1 
p 1 (1 -b) -~ ~ (51) 
u u 
a2 GJ 4'IT
2EI 2 
p2 (1 ---) + (b - 1)h2 -r (52) b - 1 u u 
Let p2 = k p1 (53) 
Equations (51) - (53) can be solved for bu. 
Then, 
(54) 
(55) 
(56) 
Now compute ~1 , ~2 for symmetrical buckling at the same P1, 
P2 • From (6) and (8), 
~1 
where 
16 a1 16 GJ 16 4'IT2 EI 1 
3t p 1 (1 - b) - 3t bJ12" - 3t ~
s s 
4f2 a B I 1 
-3 (1 + -b1) - - - ....Y..!:. 3b 31 
s s y 
(57) 
(58) 
where 
i.e. 
Similarly, 
18. 
I 
.!. (4£ - ....1.!) 3 2 I y (59) 
(60) 
1 I 2 1 
k 2 = 3 (4kf2 - f> - 3 (b _ 1) (4 a 2 k £2 + B) (61) 
y s 
For an equivalent single brace, ·from (37), 
b 
s 
Using (38), 
Consider equation (66) 
If ~ f, k 
0 
then kR 
l?k 
0 
(62) 
(63) 
(64) 
(§5) 
(66) 
FIGURE 10 
If 1). 
k = 
0 
then kR 
jlZk 
0 
19. 
I 
I 
I 
\ 
\ 
\ 
\ 
Increasing \ 92 ~· ' ... ---
--
----
f 
General solution - combined stiffness 
for full bracing 
co, 
gl 
Equation (66) is plotted qualitatively in Figure 10. 
The asymptotes, f and g 1, have a clear physical significance. 
By comparison with the case of the axially loaded column, g1 may be 
+ve ve or - • Similarly, it is possible that f may become negative, 
although it is not clear if this is so. 
The parameter g2 determines the sharpness of the curve. The 
complete curve may be determined by any three critical combinations of 
~ and ~; for example 
(a) 1). k 
0 
f; a 
20. 
(b) ~ ~ a; h2"k gl' 
0 
(c) ~ 2f; plus the necessary ~· i< 
0 
8. PRACTICAL APPLICATIONS 
Design codes commonly provide formulae for ~· but not for ~ 
or for combined brace stiffnesses. Code values of ~ exceed the ideal, 
elastic value k0 to allow for such effects as initial imperfections 
and inelastic buckling, and to provide for load factors in the design 
of the primary members. For these reasons, the results derived in this 
paper cannot be used immediately for design. 
Nevertheless, the paper is written with code revision in view 
and derives an expression for combined brace stiffness which has a 
form that is poteqtiaily suitable for inclusion in codes of practice. 
9 . CONCLUSIONS 
1. An approximate analysis has been developed which models a 
uniform beam or column by its flanges, linked by the web in such a way 
as to cause coupling of the flange displacements and twists. 
This analysis applies t o a mono-symmetric uniform member in 
which the axial force and bending moment are constant along the length . 
The brace is at mid-length. 
2. Although the accuracy of the analysis has not . been checked in 
general, solutions for simple unbraced members give critical loads 
which are accurate to about ±8%. 
3. The analysis permits the calculation of critical combination of 
axial and rotational brace stiffness. 
21. 
4. A closed form solution for the combined stiffness for full 
bracing of an axially loaded hi- symmetric member is presented. Similar 
closed form solutions can be obtained for other cases. 
5. In general, the necessary combined stiffnesses, ~ and ~ are 
inter-related by the formula, 
+ 
22. 
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APPENDIX II - NOTATION 
Subscripts 1,2 
a1,a2 
A 
b 
b 
u 
b 
s 
c 
E 
f,fl'f2 ••• fll 
G 
g1,g2 
h 
I 
X 
Iy1 ,Iy2 
I y 
I p 
I 
w 
J 
k 
~1'~2 
~ 
~ 
k 
0 
k1,k2 
R. 
MA 
refer to flanges 1,2. 
distances from flange centreline to line of action 
of resultant flange force. 
total area of cross-section. 
distance from flange 1 to instantaneous centre 
of rotation. 
value of b for unsymmetric buckling. 
value of b for symmetric buckling. 
distance from flange 1 to brace. 
modulus of elasticity. 
functions of geometry of primary member. 
modulus of rigidity. 
distance between flanges. 
total second moment of area about axis XX. 
flange second moments of area about axis YY. 
total second moment of area about axis YY. 
total polar second moment of area. 
warping function. 
St Venant torsion constant. 
ratio of flange forces (P2 
linear stiffness of brace to ·each flange. 
linear stiffness of combined brace. 
rotational stiffness of combined brace. 
dimensionless forms of ~1 , ~2 (e.g. ~1 
length of primary member. 
approximate value of critical moment. 
u 
x,y 
z 
e 
24. 
exact value of critical moment. 
flange axial forces. 
equivalent flange forces. 
approximate torsional buckling critical load. 
exact torsional buckling critical load. 
radii of gyration. 
torque per unit length applied from web to flange. 
flange torque. 
total torque. 
transverse displacement (at flange 1 or flange 2). 
deflection at brace of flange 1. 
coordinate axes - in cross-section of primary· member . 
longitudinal axis of primary member. 
twist rotation. 
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CURRENT CIVIL ENGINEERING BULLETINS 
4 Brittle Fracture of Steel -- Perform· 
ance of N018 and SAA A 1 structural 
steels: C. O'Connor (1964) 
5 Buckling in Steel Structures- 1. The 
use of a characteristic imperfect shape 
and its application to the buckling of 
an isolated column: C. O'Connor 
(1965) 
6 Buckling in Steel Structures - 2. The 
use of a characteristic imperfect shape 
in the design of determinate plane 
trusses against buckling in their plane: 
C. O'Connor (1965) 
1 Wave Generated Currents - Some 
observations made in fixed bed hy· 
draulic models: M . R. Gourlay (1965) 
8 Brittle Fracture of Steel- 2. Theoret· 
ical stress distributions in a partially 
yielded, non-uniform, polycrystalline 
material: C. O'Connor (1966) 
9 Analysis by Computer- Programmes 
for frame and grid structures: J.L. 
Meek (1967) 
10 Force Analysis of Fixed Support Rigid 
Frames: J.L. Meek and R. Owen 
(1968) 
11 Analysis by Computer -- Axisy· 
metric solution of elasto·plastic pro· 
blems by finite element methods: 
J.L. Meek and G. Carey (1969) 
12 Ground Water Hydrology : J.R. Watkins 
(1969) 
13 Land use prediction in transportation 
planning: S. Golding and K.B. David· 
son (1969) 
14 Finite Element Methods Two 
dimensional seepage with a free sur· 
face: L. T. Isaacs (1971) 
15 Transportation Gravity Models: A. T.C. 
Philbrick (1971) 
16 Wave Climate at Moffat Beach : M.R. 
Gourlay (1973) 
11 Quantitative Evaluation of Traffic 
Assignment Methods: C. Lucas and 
K.B. Davidson (1974) 
18 Planning and Evaluation of a High 
Speed Brisbane-Gold Coast Rail Link: 
K .B. Davidson, eta/. (1974) 
19 Brisbane Airport Development Flood· 
way Studies: C.J. Apelt (1977) 
20 Numbers of Engineering Graduates in 
Queensland: C. O'Connor (1977) 
